Using K-Causal relation introduced by Sorkin and Woolgar 1 , we generalize results of Garcia-Parrado and Senovilla 7 on causal maps. We also introduce new concepts like K-future sets,K-reflecting and K-future distinguishing space-times, and prove some of their properties.This approach is simpler and more general as compared to traditional causal approach 2,3 and it has been used by Penrose et.al 4 in giving a new proof of positivity of mass theorem.
Introduction
In 1996, Sorkin and Woolgar 1 introduced a new causal relation K + which is a generalization of usual causal relations I + and J + (cf Penrose 2 and Hawking and Ellis 3 ). Theory of Causal structures developed by Penrose and Hawking played an important role in establishing singularity theorems in general relativity and quite exhaustive work has been done in this area since 1964.Books by Hawking and Ellis 3 ,Wald 5 ,Joshi 6 and Beem,Ehlrich and Easley 7 are a proof of it.The Causal relation K + introduced in 1 is order-theoretic in nature and no smoothness assumption is needed to develop the ideas in General Relativity.In Sorkin and Woolgar 1 ,the results are proved for C 0 -Lorentzian manifolds and the framework developed is of wider applicability as compared to previous work and also conceptually simple.The authors have made use of Vietoris topology to establish some basic results.An important result proved is the compactness of the space of all K-causal curves in a globally hyperbolic space-time.More recently A.Garcia-Parrado and J.M.M.Senovilla 8, 9 introduced the concept of causal mappings and proved a series of results in Causal structure theory of space-times in General Relativity.These mappings are more general than conformal mappings and the authors have also discussed a good number of examples to illustrate their ideas.
In this paper,we combine the concept of K-causality with causal mappings and prove a series of results which are generalizations of results of Garcia-Parrado and Senovilla.In fact, our aim is to recast 'global causal analysis' along order-theoretic and general-topological lines,following the definitions and basic results of Sorkin and Woolgar 1 and following other works by Hawking and Sachs 10 ,Beem 11 ,Geroch 12 , Joshi 6 and Diekmann 13 .
Thus in section 2,after recalling basic definitions from Sorkin and Woolgar 1 , we define K-causal maps and derive their properties while working with K-causal space-times.
In section 3,we define K-future sets and other causality conditions with respect to K + , and prove some properties of these sets.We note that if p ≺ q ,there need not exist a future directed K-causal curve from p to q even if q is in the interior of K + (p).Noldus 14, 15, 16 rectifies this situation by introducing the notion of path-metric K-causal spaces.In this section,we prove that if a path-metric K-causal space is K-distinguishing,then every linearly ordered curve is a K-causal curve.We also prove that in such a space if p = q, then K + (p) = K + (q).We also discuss briefly the algebraic structure of the set of all K-causal maps on a C 0 -Lorentzian manifold.
In section 4,we make some concluding remarks and indicate further work in this direction.
K-Causal Mappings
We first recall basic definitions and some results from Sorkin and Woolgar 1 that will be used in this paper.
Definition : Let V be a C 0 -Lorentzian manifold with metric g ab , and let u a be any vector field defining its time orientation. A timelike or lightlike vector v a is future-pointing if g ab v a u b < 0 and past-pointing if g ab v a u b > 0. Now let I = [0, 1] ⊆ R.A future-timelike path in V is a piecewise C 1 continuous function γ : [0, 1] → M whose tangent vector γ a (t) = (dγ(t)/dt) a is future-pointing timelike whenever it is defined.A past-timelike path is defined dually. The image of a future-or past-timelike path is a timelike curve. Let O be an open subset of V . If there is a future-timelike curve in O from p to q , we write q ∈ I + (p, O), and we call I + (p, O), the chronological future of p relative to O . Past-timelike paths and curves are defined analogously.
Definition : K + is the smallest relation containing I + that is transitive and topologically closed.If p is in K + (q) then q ≺ p.
Definition : An open set O is K-causal iff the relation ≺ induces a reflexive partial ordering on O.
Definition : A subset of V is K-convex iff it contains along with p and q any r ∈ V for which p ≺ r ≺ q.
Definition : A K-causal curve Γ from p to q is the image of a C 0 map γ : [0, 1] → V with p = γ(0), q = γ(1) and such that for each t ∈ (0, 1) and each open set O ∋ γ(t) there is a positive number ǫ such that
The following theorems are proved in Sorkin and Woolgar 1 :
Theorem : If V is K-causal then every element of V possesses arbitrarily small K-convex open neighbourhoods.
Theorem : A subset Γ of a K-causal manifold is a K-causal curve iff it is compact,connected and linearly ordered by ≺= K + .
Theorem : In a K-causal manifold,let the causal curve Γ be the Vietoris limit of a sequence of causal curves Γ n with initial endpoints p n and final endpoints q n .Then p n converge to the initial endpoint of Γ and q n to its final endpoint.
With this background we now define a K-causal map.We work with K + throughout.Analogous definitions and results for K − can be derived similarly.
We first define an order preserving map with respect to K + : Definition 1: Let V and W be C 0 Lorentzian Manifolds.A mapping f : V → W is said to be order preserving with respect to K + or simply order preserving if whenever p, q ∈ V with q ∈ K + (p), we have f (q) ∈ K + (f (p)).
Definition 2: Let V and W be C 0 Lorentzian Manifolds.A homeomorphism f : V → W is said to be K-causal if f is order preserving.
We can immediately prove the following proposition:
We now define, for S ⊆ V, K + (S) as K + (S) = {R ⊇ I + (S)/ R is closed and transitive}.Then we have,
Proof : Let f : V → W be an order preserving homeomorphism and S ⊆ V . By definition, I + (S) = x∈S I + (x) and K + (S) = {R ⊇ I + (S)/ R is closed and transitive}.Let y ∈ f (K + (S)).Then there exists x in S such that y ∈ f (K + (x)).This gives, by proposition 1,
We can also prove the following which is similar to proposition 1.
Analogue of proposition 2 is the following.
Proposition 4:
If f : V → W be a homeomorphism, and f −1 is order preserving then
Proof : Let f −1 be an order preserving homeomorphism and S ⊆ V .Let y ∈ K + (f (S)). Therefore there exists x ∈ S such that y ∈ K + (f (x)).Then y ∈ f (K + (x)) by proposition:3.Hence
Combining propositions 1 and 3, we now have the following theorem.
In this case, f −1 : W → V is also a K-causal map. Also, a K-causal mapping takes K-causal curves to K-causal curves.This is given by the following theorem.
Theorem 6: Let f : V → W be a K-causal mapping.Then f maps every K-causal curve in V to a K-causal curve in W. Proof :Let f : V → W be a K-causal map.Therefore f is an order preserving homeomorphism.Let Γ be a K-causal curve in V.Then Γ is connected, compact and linearly ordered [1] .Since f is continuous, it maps a connected set to a connected set and a compact set to a compact set.Since f is order preserving and Γ is linearly ordered, f (Γ) is a K-causal curve in W.
Definition 3: Let V and W be two C 0 -Lorentzian manifolds.Then W is said to be K-causally related to V if there exists a K-causal mapping f from V to W.i.e., V ≺ f W .
The following proposition follows easily from this definition.
Thus by proposition 1, U is K-causally related to V.
We also have the following result.
Proposition 8: Let f : V → W be K-causal and f −1 be order preserving. Then V is K-causal iff W is K-causal. Proof : Let f : V → W be a K-causal map and V be K-causal. Let p ≺ q and q ≺ p, p, q ∈ W . Then there exist x, y ∈ V such that f (x) = p and f (y) = q. Therefore f (x) ≺ f (y) and f (y) ≺ f (x) which gives x ≺ y and y ≺ x as f −1 is order preserving. Therefore x = y since V is K-causal. Hence f (x) = f (y). i.e., p = q. Thus W is K-causal. Converse is similar.
Thus K-causal structure is preserved by a K-causal mapping if we assume that inverse of a K-causal mapping is order preserving.This is similar to isocausal relation in Beem,Ehlrich and Easley 7 . In addition we have the following proposition.
Proposition 9: Let f be a K-causal map from V to W.Then for every future directed K-causal curve Γ in V, any two points x, y ∈ f (Γ) satisfy x ≺ y or y ≺ x. Proof : Let f be a K-causal map from V to W.Let Γ be a future directed
We recall the definition of a K-convex set.Then we have the following.
In the next section we define more concepts with respect to K-causality analogous to causal structure theory and prove their properties.
Other causality conditions
We begin with defining K-future sets.We first define Definition 4: K-causal future of x ∈ V is defined as K(x) = {p / there exists a future directed K-causal curve from x to p }.
Remark: If p ∈ K(x),then by definition there exists a future directed K-causal curve from x to p, hence p ∈ K + (x). However, if p ∈ K + (x) there need not exist a future directed K-causal curve from x to p as remarked in Sorkin and Woolgar 1 .
Definition 5: K-causal future of S ⊆ V is defined as K(S) = {p/ there exists a future directed K-causal curve from x to p, x ∈ S}. Definition 6: A subset F of V is called a K-future set if F= K(S) for some S ⊆ V .
We have the following theorem for K-future sets:
Theorem 11: If F is a K-future set in V then F=K(F).
Proof : Let F be a K-future set in V.Let p ∈ K(F ).Then there exists a future directed K-causal curve from x to p, x ∈ F .Therefore, there exists a future directed K-causal curve from q to x, q ∈ S. Hence, there exists a future directed K-causal curve from q to p, q ∈ S. Hence p ∈ F . Therefore K(F ) ⊆ F . Conversely, let x ∈ F .Then there exists a future directed K-causal curve Γ from y to x, y ∈ S.Since Γ is connected, there exists z ∈ Γ such that y ≺ z ≺ x. i.e., there exists a future directed K-causal curve from y to z, y ∈ S. i.e., z ∈ F . Then there exists a future directed K-causal curve from z to x, z ∈ F .Therefore x ∈ K(F ).Hence F ⊆ K(F ). Thus F=K(F).
We also have the following:
Proof : Let S ⊆ V be compact. Let q ∈ K(S). Then there exists a sequence q n in K(S) such that q n converges to q.Hence there exists a sequence p n and a future directed K-causal curve Γ n from p n to q n .Then p n has a subsequence p n k converging to p ∈ S since S is compact,which implies there exists a sequence Γ n k of future directed K-causal curves from p n k to q n k where p n k converges to p and q n k converges to q.
We know from [1] that Vietoris limit of a sequence of K-causal curves is again a K-causal curve. Hence if Γ is the Vietoris limit of Γ n k then p and q are respectively the initial and final end points of Γ. Therefore Γ is a future directed K-causal curve from p to q. i.e, q ∈ K(S). Hence K(S) ⊆ K(S). Thus K(S) is closed.
We now prove that if f is a K-causal map and f −1 is order preserving then f takes future sets to future sets.
Theorem 13:
If f : V → W is a K-Causal map and f −1 is order preserving then f maps every future set in V to a future set in W. Proof : Let f : V → W be a K-causal map and F be a future set in V. Then F=K(S) for some S ⊆ V .Therefore f (F ) = f (K(S)).
Let y ∈ f (K(S)).Then there exists x ∈ K(S) such that y = f (x).Hence there exists a future directed K-causal curve Γ from p to x where p ∈ S. Then f (Γ) is a future directed K-causal curve from f (p) to y, f (p) ∈ f (S).i.e., y ∈ K(f (S)).Thus f (K(S)) ⊆ K(f (S)).
If y ∈ K(f (S)), then there exists a future directed K-causal curve from q to y where q ∈ f (S). For q ∈ f (S), there exists p ∈ S such that q = f (p).
Since f −1 is order preserving and also a K-causal map, f −1 (Γ) is a future directed K-causal curve from p to f −1 (y) where p ∈ S.Therefore, f −1 (y) ∈ K(S). i.e., y ∈ f (K(S)).
Analogous to usual causal structure,we now define the concepts of K-future distinguishing and K-reflecting space-times.
Definition 7:
A C 0 -Lorentzian manifold V is said to be K-future (past) distinguishing at p, if for every K-convex neighbourhood of p there exists a K-convex neighbourhood,which no future (past) directed K-causal curve from p intersects more than once.V is said to be K-future (past) distinguishing if it is K-future (past) distinguishing at every point p in V.
Definition 8: A C 0 -Lorentzian manifold V is said to be K-distinguishing if it is both K-future and K-past distinguishing.
Definition 9: A C 0 -Lorentzian manifold V is said to be K-reflecting if for all p and q
Remark: In general, K-distinguishing need not imply distinguishing and K-reflecting need not imply reflecting. For example,
Theorem 14: Let V and W be K-causal and let W be K-causally related to V. If W is K-future distinguishing then V is also so. Proof : .Let W be K-future distinguishing. W is K-causally related to V.If V is not K-future distinguishing then there exists a point p in V and a K-convex neighbourhood V p of p such that every K-convex neighbourhood U p , p ∈ U p ⊆ V p would intersect at least one K-causal curve Γ from p more than once.
Hence, by theorems 6 and 11, every K-convex subset f (U p ) would intersect the K-causal curve f (Γ) from f (p) more than once implying that W is not K-future distinguishing.This contradiction shows that, V is K-future distinguishing.
As with many properties discussed above,we show that property of K-reflecting is also preserved by a K-causal map, if f −1 is order preserving.
Theorem 15: Let f : V → W be K-Causal and f −1 be order preserving. Then V is K-reflecting iff W is K-reflecting. Proof : Let f : V → W be K-causal, f −1 be order preserving and V be K-reflecting. Let
Since f is a homeomorphism this gives
Then we have similar results for globally hyperbolic space-times.
Theorem 16: Let V be a K-causal open set. Let f : V → W be a K-causal map and f −1 be order preserving. Then V is globally hyperbolic iff W is globally hyperbolic. Proof : Let V be globally hyperbolic and f : V → W be K-causal. Since V is a K-causal open set by proposition:8, W is also so. Let p, q ∈ W . Then there exists x and y in V such that f (x) = p and f (y) = q. 
Notice that the converse of this lemma is in general false: p ≺ q need not imply the existence of a causal curve from p to q , even for q in the interior of K + (p). Notice also that, in the absence of K -causality, this lemma does not in general endow Γ with a linear order, because the asymmetry axiom can fail for ≺ restricted to Γ even if we replace ≺ by the intersection of the ≺ O for all O ⊇ Γ.
In [18] ,Noldus has introduced the concept of path metric K-causal Lorentz space .He defined it as follows:V is a path metric K-causal Lorentz space iff for any p ≺ q, there exists a distance-realizing future directed K-causal curve from p to q.
All the results proved above are valid for path-metric K-causal spaces. In addition, we have the following theorems which are not true in the general K-causal setting, but hold true for path metric K-causal spaces:
Theorem 17: Let V be a path metric Lorentz space with respect to K + relation.Let V be K-distinguishing.Then every curve γ of finite length,satisfying p ≺ q or q ≺ p,for all p, q ∈ γ is a K-causal curve. Proof : Let p ∈ γ and N p be a neighbourhood of p.Since V is K-distinguishing, there exists another neighbourhood U p ⊆ N p of p such that all K-causal curves starting at p meet U p in a connected set.Let z ∈ γ U p . Hence, z ≺ p or p ≺ z. If p ≺ z then there exists a K-causal segment λ from p to z such that λ U p is connected which gives λ ⊆ U p as U p is open. i.e, λ is a future directed K-causal segment contained in N p . If z ≺ p, then by similar argument, there exists a past directed K-causal segment contained in N p .Since z is arbitrary, there exist such segments for every z ∈ γ U p ⊆ N p which implies γ is K-causal near by p. Since γ ⊆ p∈γ γ U p ,the result follows.
Theorem 18: Let V be a path metric Lorentz space with respect to K + relation.If V is K-causal and K-future distinguishing then for every p = q, K + (p) = K + (q). Proof : Let V be K-causal and K-future distinguishing.Let p, q ∈ V such that p = q and K + (p) = K + (q).
Consider the disjoint K-convex neighbourhoods P and Q in V such that p ∈ P, q ∈ Q. Choose x ∈ K + (p) ∩ P . Then x ∈ K + (q). i.e., q ≺ x.
Let y in Q be such that q ≺ y ≺ x. Then y is not in P and y ∈ K + (q) which implies y ∈ K + (p). i.e., p ≺ y.
Thus there exists a K-causal segment from p to x through y, y not in P which intersects P in a disconnected set.This shows that V is not K-future distinguishing at p,contradicting the hypothesis.Hence, K + (p) = K + (q) whenever p = q.
We now define K-acausal sets.
Definition 10: In a path-metric Lorentzian space V, a subset S of V is said to be K-acausal if there are no points p, q in V such that p ≺ q, p = q.
We have the following result for these sets.
Theorem 19: If V is a path-metric Lorentzian space , f : V → W is a K-causal map and S ⊆ W is K-acausal then f −1 (S) is K-acausal. Proof : Let f : V → W be a K-causal map and S ⊆ W be K-acausal. If f −1 (S) is not K-acausal, then there are points p, q in f −1 (S) such that p ≺ q, p = q.Hence,there are points f (p), f (q) in S such that f (p) ≺ f (q), f (p) = f (q).This implies S is not K-acausal which is a contradiction.Hence, f −1 (S) is K-acausal.
Remark : If S is K-acausal then S ∩ K(S) = S Finally we discuss briefly the algebraic structure of the set of all K-causal maps from V to V.We define the following.
Definition 12: If V is a C 0 -Lorentzian manifold then Hom(V) is defined as the group consisting of all homeomorphisms acting on V.
Definition 13: If V is a C 0 -Lorentzian manifold then K(V) is defined as the set of all K-causal maps from V to V.
Then we have the following result which is more or less obvious.
